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THE BOURGAIN ℓ1-INDEX OF MIXED TSIRELSON
SPACE
DENNY H. LEUNG AND WEE-KEE TANG
Abstract. Suppose that (Fn)
∞
n=0 is a sequence of regular families of
finite subsets of N such that F0 contains all singletons, and (θn)∞n=1
is a nonincreasing null sequence in (0, 1). The mixed Tsirelson space
T (F0, (θn,Fn)
∞
n=1) is the completion of c00 with respect to the implicitly
defined norm
‖x‖ = max
{
‖x‖
F0
, sup
n∈N
sup θn
k∑
i=1
‖Eix‖
}
,
where ‖x‖F0 = supF∈F ‖Fx‖ℓ1 and the last supremum is taken over all
sequences (Ei)
k
i=1 in [N]
<∞ such that maxEi < minEi+1 and {minEi :
1 ≤ i ≤ k} ∈ Fn. In this paper, we compute the Bourgain ℓ
1-index of
the space T (F0, (θn,Fn)
∞
n=1). As a consequence, it is shown that if η
is a countable ordinal not of the form ωξ for some limit ordinal ξ, then
there is a Banach space whose ℓ1-index is ωη.
1. Introduction
Endow the power set of N, identified with 2N, with the product topology.
Denote by [N]<∞ the subspace consisting of all finite subsets of N. A family
F ⊆ [N]<∞ is said to be hereditary if G ⊆ F ∈ F implies G ∈ F . It is
spreading if whenever F = {n1, . . . , nk} ∈ F , n1 < · · · < nk, and m1 < · · · <
mk satisfy mi ≥ ni, 1 ≤ i ≤ k, then {m1, . . . ,mk} ∈ F . In this case, we
also say that {m1, . . . ,mk} is a spreading of F . A regular family is one that
is hereditary, spreading and compact (as a subset of the topological space
[N]<∞). Let c00 be the vector space of all finitely supported real sequences
and let (ek) be the standard unit vector basis of c00. If F is regular, define the
seminorm ‖ · ‖F on c00 by ‖
∑
akek‖F = supF∈F
∑
k∈F |ak|. For E ∈ [N]
<∞
and x =
∑
akek ∈ c00, let Ex =
∑
k∈E akek ∈ c00. Given a sequence
of regular families (Fn)
∞
n=0 such that F0 contains all singleton subsets of
N, and a nonincreasing null sequence (θn)
∞
n=1 in (0, 1), the mixed Tsirelson
space T (F0, (θn,Fn)
∞
n=1) is the completion of c00 under the implicitly defined
norm
‖x‖ = max
{
‖x‖F0 , sup
n∈N
sup θn
k∑
i=1
‖Eix‖
}
,(1)
where the last supremum is taken over all sequences (Ei)
k
i=1 in [N]
<∞ such
that maxEi < minEi+1 and {minEi : 1 ≤ i ≤ k} ∈ Fn. The main aim of
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the present paper is the computation of the ℓ1-index Ib (T (F0, (θn,Fn)
∞
n=1))
(defined below) in terms of the sequences (Fn)
∞
n=0 and (θn)
∞
n=1 . It follows
from our work (see Corollary 15 below) that if η is a countable ordinal not
of the form ωξ for some limit ordinal ξ, then there is a Banach space whose
ℓ1-index is ωη. This answers Question 1 in [8].
Our starting point is a comparison of normalized block basic sequences
in T (F0, (θn,Fn)
∞
n=1) with subsequences of the unit vector basis in related
mixed Tsirelson spaces (Proposition 3). In particular, we obtain in Corol-
lary 8 that every normalized block basic sequence in a mixed Tsirelson space
T (F0, (θn,Fn)
ℓ
n=1) defined by finitely many families is equivalent to a subse-
quence of the unit vector basis in the same space. This result was proved for
the Figiel-Johnson Tsirelson space in [5] and for certain generalized Tsirelson
spaces in [3]. Our approach may be considered as a descendant of that in
[3].
In §3, the comparison result is used to obtain bounds on the ℓ1-index.
In §4, we introduce a method of constructing ℓ1-trees of large index. This
is a two-step method whereby many ℓ1(n)-block basic sequences are first
constructed (Lemma 20) and these are then condensed into ℓ1-trees by a
compactness argument (Lemma 21).
If M is an infinite subset of N, denote the set of all finite, respectively
infinite, subsets of M by [M ]<∞, respectively [M ]. If E and F are finite
subsets of N, we write E < F , respectively E ≤ F , to mean maxE < minF ,
respectively maxE ≤ minF (max ∅ = 0 and min ∅ = ∞). We abbreviate
{n} < E and {n} ≤ E to n < E and n ≤ E respectively. Given F ⊆ [N]<∞,
a sequence of finite subsets {E1, . . . , En} of N is said to be F-admissible if
E1 < · · · < En and {minE1, . . . ,minEn} ∈ F . If M and N are regular
subsets of [N]<∞, we let
M[N ] = {∪ki=1Fi : Fi ∈ N for all i and {F1, . . . , Fk} is M-admissible}.
Given a sequence of regular families (Mi), we define inductively [M1,M2] =
M1[M2] and [M1, . . . ,Mi+1] = [M1, . . . ,Mi][Mi+1]. Also, let
(M1, . . . ,Mk) =
{
∪ki=1Mi :Mi ∈ Mi,M1 < · · · < Mk
}
.
We abbreviate the k-fold construction (M, . . . ,M) as (M)k. Of primary
importance are the Schreier classes as defined in [1]. We will need a slightly
extended version of such classes. Suppose that g : N → N is a function
increasing to ∞. Let Sg0 = {{n} : n ∈ N} ∪ {∅} and S
g
1 = {F ⊆ N : |F | ≤
g(minF )}. Here |F | denotes the cardinality of F . The higher Schreier
classes are defined inductively as follows. Sgα+1 = S
g
1[S
g
α] for all α < ω1. If
α is a countable limit ordinal, choose a sequence (αn) strictly increasing to
α and set
Sgα = {F : F ∈ S
g
αn for some n ≤ g(|F |)}.
If g is the identity function, then we obtain the usual Schreier classes, and
we abbreviate Sgα to Sα. It is clear that S
g
α is a regular family for all α < ω1.
THE BOURGAIN ℓ1-INDEX OF MIXED TSIRELSON SPACE 3
If M = (m1,m2, . . . ) is a subsequence of N, let Sα(M) = {{mi : i ∈ F} :
F ∈ Sα}. Since Sα is spreading, Sα(M) ⊆ Sα.
The norm in a mixed Tsirelson space can be computed in terms of trees
([3], [10]). A tree in [N]<∞ is a finite collection of elements (Emi ) , 0 ≤ m ≤ r,
1 ≤ i ≤ k (m) , in [N]<∞ so that for each m, Em1 < E
m
2 < · · · < E
m
k(m), and
that every Em+1i is a subset of some E
m
j . The elements E
m
i are called nodes
of the tree. Any node Emi is said to be of level m. Nodes at level 0 are called
roots. If Eni ⊆ E
m
j and n > m, we say that E
n
i is a descendant of E
m
j and
Emj is an ancestor of E
n
i . If, in the above notation, n = m+ 1, then E
n
i is
said to be an immediate successor of Emj , and E
m
j the immediate predecessor
of Eni . Nodes with no descendants are called terminal nodes or leaves of the
tree. Given a node E in a tree T , denote by TE the subtree consisting of
the node E together with all its descendants. A tree (Emi ) , 0 ≤ m < r,
1 ≤ i ≤ k (m) , is (Fn)-admissible if k (0) = 1 and for every m and i, the
collection
(
Em+1j
)
of all immediate successors of Emi is an Fn-admissible
collection for some n ∈ N. Given an (Fn)-admissible tree (Emi ) , we define
the history of the individual nodes inductively as follows. Let h
(
E01
)
= (0) .
If h (Emi ) has been defined and the collection
(
Em+1j
)
of all immediate
successors of Emi forms an Fn-admissible collection, then define h
(
Em+1j
)
to
be the (m+ 2)- tuple (h (Emi ) , n) and let n
(
Em+1j
)
= n for each immediate
successor Em+1j of E
m
i . Finally, assign ((θn) -compatible) tags to the nodes
by defining t (Emi ) =
∏m
j=0 θnj if h (E
m
i ) = (n0, n1, . . . , nm) (θ0 = 1) . If
x ∈ c00 and T is an (Fn)-admissible tree, let T x =
∑
t (E) ‖Ex‖ , where
the sum is taken over all leaves in T . It is easily observed that ‖x‖ =
max {T x : T is an (Fn) -admissible tree} . An (Fn)-admissible tree is said
to be complete (for a particular x ∈ c00) if ‖Ex‖ = ‖Ex‖F0 for every leaf
E in T . Clearly, for every x ∈ c00, there is a complete tree T such that
‖x‖ = T x. Let us observe that if we define ‖x‖ to be sup
∑
t(E)‖Ex‖F0 ,
where the sup is taken over all (Fn)-admissible trees T and the sum is taken
over all leaves E in T , then the resulting norm satisfies the implicit equation
(1).
Proposition 1. Let T (F0, (θn,Fn)
∞
n=1) be as above. Choose a strictly in-
creasing sequence of integers (mk)
∞
k=0 such that m0 = 0 and θmk+1 ≤
1
2θmk
for all k ∈ N. If mk−1 < n ≤ mk, let Gn = {F ∈ Fn : k ≤ F} ∪ S0. Then
T (F0, (θn,Fn)
∞
n=1) is isomorphic to T (F0, (θn,Gn)
∞
n=1) via the formal iden-
tity.
Proof. Denote the norms on T (F0, (θn,Fn)
∞
n=1) and T (F0, (θn,Gn)
∞
n=1) by
‖·‖ and |||·||| respectively. Clearly, |||x||| ≤ ‖x‖ for all x ∈ c00. Given a fixed
element x ∈ c00, let T
F denote a complete (Fn)-admissible tree such that
‖x‖ = T Fx. If F is a node of T F other than the root, let GF = F ∩ [k,∞),
where k is the unique integer such that mk−1 < max{n1, . . . , nr} ≤ mk,
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h (F ) = (0, n1, . . . , nr) . If F is the root of T
F , let GF = F. Then T
G ={
GF : F ∈ T
F
}
is a (Gn)-admissible tree. For any r ∈ N, let Lr be the set
of level r leaves in T F . Arrange the elements in Lr from left to right as
F1 < F2 < · · · < Fℓ. If 1 ≤ j ≤ ℓ, write h (Fj) = (0, nj1, , . . . , njr) and
determine kj such that mkj−1 < max{nj1, . . . , njr} ≤ mkj . If kj ≤ j, then
kj ≤ j ≤ Fj. Thus GFj = Fj ∩ [kj ,∞) = Fj . Otherwise, j < kj , and hence
t (Fj) ‖Fjx‖F0 ≤ θnj1 . . . θnjr ‖x‖F0 ≤ θ
r−1
1 θmkj−1 ‖x‖F0 ≤ θ
r−1
1 θmj ‖x‖F0 .
Therefore∑
F∈Lr
t (F ) ‖Fx‖F0 ≤
∑
{j:j<kj}
θr−11 θmj ‖x‖F0 +
∑
{j:kj≤j}
t
(
GFj
) ∥∥GFjx∥∥F0
≤ θr−11 ‖x‖F0
∞∑
j=1
θmj +
∑
F∈Lr
t (GF ) ‖GFx‖F0 .
Finally,
‖x‖ = T Fx =
∞∑
r=1
∑
F∈Lr
t (F ) ‖Fx‖F0
≤ ‖x‖F0
∞∑
r=1
θr−11
∞∑
j=1
θmj +
∞∑
r=1
∑
F∈Lr
t (GF ) ‖GFx‖F0
≤
2θm1
1− θ1
|||x|||+ |||x||| =
(
2θm1
1− θ1
+ 1
)
|||x||| .
If F is a closed subset of [N]<∞, let F ′ be the set of all limit points of
F . Define a transfinite sequence of sets (F (α))α<ω1 as follows: F
(0) = F ,
F (α+1) = (F (α))′ for all α < ω1; F
(α) = ∩β<αF
(β) if α is a countable limit
ordinal. If F is regular, we let ι(F) be the unique ordinal α such that
F (α) = {∅}. It is well known that ι(Sγ) = ω
γ for all γ < ω1 [1, Proposition
4.10]. The same is true if Sγ is replaced by any S
g
γ .
From now on, we fix a sequence of regular families (Fn)
∞
n=0 such that
S0 ⊆ F0, and a nonincreasing null sequence (θn)
∞
n=1 in (0, 1). Denote the
mixed Tsirelson space T (F0, (θn,Fn)
∞
n=1) by X. Let αn = ι(Fn), n ∈ N ∪
{0}. There is no loss of generality in assuming that αn > 1 for all n ∈ N.
Since T (F0, (θn,Fn)
∞
n=1) is obviously isometric to T
(
F0, (θn,∪
n
k=1Fk)
∞
n=1
)
via the formal identity, we may also assume that (αn)
∞
n=1 is a nondecreasing
sequence. In the notation of Proposition 1, ι (Gn) = ι (Fn) = αn, n ∈ N.
It is straightforward to check that ∪∞n=0 Gn is a regular family. Relabelling
each Gn as Fn, n ∈ N, we may henceforth assume that S0 ⊆ Fn for all
n ∈ N and that F = ∪∞n=0Fn is regular. Denote sup
n∈N
αn by α. Note that
ι (∪∞n=0Fn) = α ∨ α0.
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2. An estimate on the norm
Lemma 2. Let G and H be regular families. Suppose
⋃k
j=1 Fj ∈ G [H] ,
where F1 < F2 < · · · < Fk. If Fj /∈ H for all j, 1 ≤ j ≤ k, then
{minF1, . . . ,minFk} ∈ G.
Proof. For any nonempty set G ∈ G [H] , let H (G) = G ∩ [1, n] , where n
is the largest integer in G such that G ∩ [1, n] ∈ H. There is a unique de-
composition G =
⋃k
j=1Gj , where G1, . . . , Gk 6= ∅ and G1 = H (G) , Gj+1 =
H (G \ (G1 ∪ · · · ∪Gj)) , 1 ≤ j < k. We claim that {minG1, . . . ,minGk} ∈
G. To see this, note that since G ∈ G [H] , we can write G =
⋃ℓ
i=1Hi,
where H1 < · · · < Hℓ, H1, . . . ,Hℓ ∈ H, and {minH1, . . . ,minHℓ} ∈ G.
Clearly, H1 ⊆ G1. If k ≥ 2, then minH2 ≤ minG2. If maxH2 > maxG2,
then G2 $ H2 ⊆ G. In particular, G3 6= ∅ and minG3 ∈ H2. Therefore,
G2 ∪ {minG3} ∈ H, contrary to the fact that G2 = H (G \G1) . Thus
maxH2 ≤ maxG2. Continuing this argument, we conclude that maxHr ≤
maxGr for all 1 ≤ r ≤ k. It follows that {minG1, . . . ,minGk} is a spreading
of {minH1, . . . ,minHk} ∈ G. Hence {minG1, . . . ,minGk} ∈ G.
Now suppose that F1, . . . , Fk are as in the statement of the lemma. Let
Gj = H (Fj) , 1 ≤ j ≤ k, and let G = G1 ∪ · · · ∪ Gk. Since Gj ⊆ Fj for
1 ≤ j ≤ k, G ⊆
⋃k
j=1 Fj ∈ G [H] . Note that Fj /∈ H implies Gj $ Fj .
Therefore, H (G) = G1 and
H (G \ (G1 ∪ · · · ∪Gj)) = Gj+1, 1 ≤ j ≤ k.
From the previous paragraph, we conclude that {minG1, . . . ,minGk} ∈ G.
Hence {minF1, . . . ,minFk} = {minG1, . . . ,minGk} ∈ G.
Proposition 3. Suppose ε > 0 and G is a regular family. Assume that
there exists m0 ∈ N such that for all m ≥ m0, there exist n1, . . . , ns ∈ N
such that θm < εθn1 . . . θns and Fm ⊆ [G,Fn1 , . . . ,Fns ] . Then there exists
a constant K = K (ε,m0) < ∞ such that for any normalized block basic
sequence (xk)
p
k=1 in X and any real sequence (ak)
p
k=1 ,∥∥∥∥∥
p∑
k=1
akxk
∥∥∥∥∥ ≤ K
∥∥∥∥∥
p∑
k=1
akeik
∥∥∥∥∥+ 2ερ1
(
p∑
k=1
akeik
)
(2)
+ 2ρ2
(
p∑
k=1
akeik
)
+ 2ε
p∑
k=1
|ak| ,
where ik = max supp xk, 1 ≤ k ≤ p, and ρ1 and ρ2 are the norms on the
mixed Tsirelson spaces T (F , (θn,Fn)
∞
n=1) and T (G, (θn,Fn)
∞
n=1) respectively.
Proof. With the given notation, let x =
∑p
k=1 akxk and y =
∑p
k=1 akeik .
Also let Gk be the integer interval (ik−1, ik] (i0 = 0) . Since x ∈ c00, there
exists a complete (Fn)-admissible tree T such that ‖x‖ = T x. Each node
E ∈ T may be assumed to be contained in the integer interval [1, ip] . Call
a node E long if E ∩ Gk 6= ∅ for at least two values of k. Otherwise, term
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the node short. Let N be the smallest number such that θN ≤ ε. Take E1 to
be the collection of all minimal elements in the set of all long nodes E ∈ T
such that n (E) > N. Minimality is taken with respect to the order (reverse
inclusion) in the tree T . Similarly, let E2 be the collection of all minimal
elements of the set of all short nodes that are not in ∪{TE : E ∈ E1} . Then
let E3 be the set of all leaves in T that are not in ∪{TE : E ∈ E1 ∪ E2} .
Observe that
T x ≤
3∑
j=1
∑
E∈Ej
t (E) ‖Ex‖
The proof of the proposition is completed by combining Lemmas 4, 5, 6,
and 7 below.
Lemma 4.
∑
E∈E1
t (E) ‖Ex‖ ≤ 2ε
p∑
k=1
|ak| .
Proof. Arrange the nodes in E1 from left to right as E1 < · · · < Er. Since
n (Ej) > N, t (Ej) < θN ≤ ε. For 1 ≤ j ≤ r, let Jj = {k : Gk ∩ Ej 6= ∅} .
Then J1 ≤ · · · ≤ Jr, and |Jj | ≥ 2 for all j. Hence
∑r
j=1
∑
k∈Jj
|ak| ≤
2
∑p
k=1 |ak| . It follows that∑
E∈E1
t (E) ‖Ex‖ ≤
r∑
j=1
t (Ej)
∑
k∈Jj
|ak| ≤ ε
r∑
j=1
∑
k∈Jj
|ak| ≤ 2ε
p∑
k=1
|ak| .
Lemma 5.
∑
E∈E3
t (E) ‖Ex‖ ≤ 2
∥∥∑p
k=1 akeik
∥∥ .
Proof. Since any node E ∈ E3 is a leaf in the complete tree T for x, ‖Ex‖ =
‖Ex‖F0 . Choose E0 ∈ F0 such that E0 ⊆ E and ‖Ex‖ = ‖E0x‖ = ‖E0x‖ℓ1 .
Let JE = {k : Gk ∩ E0 6= ∅} . For each k ∈ JE , choose jk ∈ Gk ∩ E0 and
set z =
∑
E∈E3
∑
k∈JE
akejk . Because each E ∈ E3 is a long node, each k
belongs to at most two JE . It follows that ‖z‖ ≤ 2
∥∥∑p
k=1 akeik
∥∥ . Now∑
E∈E3
t (E) ‖Ex‖ =
∑
E∈E3
t (E) ‖E0x‖ ≤
∑
E∈E3
t (E)
∑
k∈JE
|ak|
≤
∑
E∈E3
t (E) ‖E0z‖ℓ1 ≤
∑
E∈E3
t (E) ‖Ez‖F0
≤ ‖z‖ ≤ 2
∥∥ p∑
k=1
akeik
∥∥.
Observe that any ancestor F of any node in E2 must be a long node
such that n(F ) ≤ N . Subdivide E2 into two parts E21 and E22 according to
whether the node E in question satisfies n (E) > N or n (E) ≤ N .
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Lemma 6.
∑
E∈E21
t (E) ‖Ex‖ ≤ 2θm0
‖y‖+ 2ερ1 (y) + 2ρ2 (y) .
Proof. Let D be the set of all nodes that are immediate predecessors of some
node in E21. Let us first show that any two distinct nodes D and D
′ in D
are mutually incomparable. Indeed, suppose that D is an ancestor of D′.
Let E and E′ be immediate successors of D and D′ respectively that are
in E21. Consider the immediate successor D
′′ of D such that D′′ ⊇ D′.
Since D′′ and E are both immediate successors of D, n (D′′) = n (E). But
n (D′′) ≤ N since D′′ is an ancestor of E′ ∈ E21, while n (E) > N by
definition of E21. Thus D and D
′ must be mutually incomparable. List the
elements in D from left to right as D1 < D2 < · · · < Dr. If 1 ≤ j ≤ r
and 1 ≤ k ≤ p, let Djk = {E ∈ E21 : E ⊆ Dj ∩Gk} and Jj = {k : Djk 6= ∅} .
By the preceding argument, each E in
⋃
k∈Jj
Djk is an immediate successor
of Dj . Given k ∈ Jj , choose Ejk ∈ Djk and ℓjk ∈ Ejk. As in the proof
of Lemma 5, note that each k belongs to at most two Jj because each Dj
is a long node. Hence ‖w‖ ≤ 2 ‖y‖ and ρi (w) ≤ 2ρi (y) , i = 1, 2, where
w =
∑r
j=1
∑
k∈Jj
akeℓjk . For each j, let m = m (j) be the common value
of n(E) for all E ∈
⋃
k∈Jj
Djk. In particular,
⋃
k∈Jj
Djk is Fm-admissible.
Consider the set M = {j : m (j) < m0} . If j ∈M, then
∑
k∈Jj
∑
E∈Djk
t (E) ‖Ex‖ =
∑
k∈Jj
t (Dj) θm
∑
E∈Djk
‖Ex‖ ≤ t (Dj)
∑
k∈Jj
|ak|
≤
t (Dj)
θm0
θm
∑
k∈Jj
∑
E∈Djk
‖E (Djw)‖S0
≤
t (Dj)
θm0
‖Djw‖ .
Hence
∑
j∈M
∑
k∈Jj
∑
E∈Djk
t (E) ‖Ex‖ ≤
1
θm0
∑
j∈M
t (Dj) ‖Djw‖(3)
≤
1
θm0
‖w‖ ≤
2
θm0
‖y‖ .
If j /∈M, choose n1, . . . , ns ∈ N as in the hypothesis of Proposition 3. Note
that Ij = {ℓjk : k ∈ Jj} ∈ Fm. Partition Jj into J
′
j and J
′′
j so that J
′
j consists
of all k ∈ Jj such that Djk is [Fn1 , . . . ,Fns ] -admissible and J
′′
j = Jj \ J
′
j .
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Set I ′j = {ℓjk : k ∈ J
′
j}. Then∑
k∈J ′j
∑
E∈Djk
t (E) ‖Ex‖ = t (Dj)
∑
k∈J ′j
θm
∑
E∈Djk
‖Ex‖
≤ εt (Dj)
∑
k∈J ′j
θn1 . . . θns
∑
E∈Djk
‖Ex‖
≤ εt (Dj)
∑
k∈J ′j
|ak| ≤ εt (Dj)
∥∥I ′j(Djw)∥∥ℓ1
≤ εt (Dj) ‖Djw‖Fm ≤ εt (Dj) ‖Djw‖F .
Hence ∑
j /∈M
∑
k∈J ′j
∑
E∈Djk
t (E) ‖Ex‖ ≤ ε
r∑
j=1
t (Dj) ‖Djw‖F(4)
≤ ερ1 (w) ≤ 2ερ1 (y) .
On the other hand, since
⋃
k∈J ′′j
Djk is Fm- and thus [G,Fn1 , . . . ,Fns ]-ad-
missible, while Djk is not [Fn1 , . . . ,Fns ]-admissible for all k ∈ J
′′
j ,{
min∪E∈DjkE : k ∈ J
′′
j
}
∈ G
by Lemma 2. Thus I ′′j =
{
ℓjk : k ∈ J
′′
j
}
∈ G. Consequently,∑
k∈J ′′j
∑
E∈Djk
t (E) ‖Ex‖ = t (Dj)
∑
k∈J ′′j
θm
∑
E∈Djk
‖Ex‖ ≤ t (Dj)
∑
k∈J ′′j
|ak|
≤ t (Dj)
∥∥I ′′j (Djw)∥∥ℓ1 ≤ t (Dj) ‖Djw‖G .
Therefore∑
j /∈M
∑
k∈J ′′
j
∑
E∈Djk
t (E) ‖Ex‖ ≤
r∑
j=1
t (Dj) ‖Djw‖G ≤ ρ2 (w) ≤ 2ρ2 (y) .(5)
Combining inequalities (3), (4) and (5) completes the proof.
Lemma 7.
∑
E∈E22
t (E) ‖Ex‖ ≤ 2θN ‖y‖.
Proof. For 1 ≤ k ≤ p, let E22 (k) = {E ∈ E22 : E ⊆ Gk} . If E22 (k) 6= ∅,
denote by Pk the collection of all minimal elements in the set of all nodes
that are immediate predecessors of some node in E22 (k) . Observe that if
P ∈ Pk, then P is a long node and P ∩ Gk 6= ∅. Hence |Pk| ≤ 2. For each
P ∈ Pk, choose an immediate successor EP of P such that EP ∈ E22 (k) ,
then fix jP ∈ EP . Note that the nodes in {EP : P ∈ ∪
p
k=1Pk} are pairwise
disjoint. Set v =
∑p
k=1 ak
∑
P∈Pk
ejP . Since |Pk| ≤ 2, ‖v‖ ≤ 2 ‖y‖ . Notice
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that t (EP ) = θn(EP )t (P ) ≥ θN t (P ) since E ∈ E22 implies n (EP ) ≤ N. Now∑
E∈E22
t (E) ‖Ex‖ =
p∑
k=1
∑
E∈E22(k)
t (E) ‖Ex‖ =
p∑
k=1
∑
P∈Pk
∑
E∈E22(k)
E⊆P
t (E) ‖Ex‖
≤
p∑
k=1
∑
P∈Pk
t (P ) ‖P (Gkx)‖ ≤
p∑
k=1
∑
P∈Pk
t (P ) |ak|
=
p∑
k=1
∑
P∈Pk
t (P ) ‖EP v‖S0 ≤
1
θN
p∑
k=1
∑
P∈Pk
t (EP ) ‖EP v‖F0
≤
1
θN
‖v‖ ≤
2
θN
‖y‖ .
Observe that in the preceding proof, the hypothesis of Proposition 3 (that
is, the existence of the family G) is used only in Lemma 6. One may consider
mixed Tsirelson spaces Z = T (F0,
(
θn,Fn)
ℓ
n=1
)
determined by finitely many
regular families, defined in the obvious way. For such spaces, it is worthwhile
to observe the following corollary of the proof of Proposition 3.
Corollary 8. Let the space Z be as above. There exists a constant K <∞
such that for any normalized block basic sequence (xk)
p
k=1 in Z and any
(ak) ∈ c00,
1
2
∥∥∥∥∥
p∑
k=1
akeik
∥∥∥∥∥ ≤
∥∥∥∥∥
p∑
k=1
akxk
∥∥∥∥∥ ≤ K
∥∥∥∥∥
p∑
k=1
akeik
∥∥∥∥∥ ,
where ik = max supp xk, 1 ≤ k ≤ p.
Proof. If jk = min supp xk, 1 ≤ k ≤ p, then
1
2
∥∥∥∥∥
p∑
k=1
akeik
∥∥∥∥∥ ≤
∥∥∥∥∥
p∑
k=1
akejk
∥∥∥∥∥ ≤
∥∥∥∥∥
p∑
k=1
akxk
∥∥∥∥∥ .
On the other hand, in the notation of the proof of Proposition 3, take N = ℓ.
Then E1 = E21 = ∅. In particular, the hypothesis in Proposition 3 is no
longer required since Lemma 6 is not needed any more. Lemmas 5 and 7
give the desired result.
3. Bounds on the ℓ1-index
Let us recall the relevant terminology concerning trees. A tree on a set
S is a subset T of ∪∞n=1S
n such that (x1, . . . , xn) ∈ T whenever n ∈ N
and (x1, . . . , xn+1) ∈ T . If (x1, . . . , xn) ∈ T and 1 ≤ m < n, the sequence
(x1, . . . , xm) is said to be an ancestor of (x1, . . . , xn). A tree T is well-
founded if there is no infinite sequence (xn) in S such that (x1, . . . , xn) ∈ T
for all n. Given a well-founded tree T , we define the derived tree D(T )
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to be the set of all (x1, . . . , xn) ∈ T such that (x1, . . . , xn, x) ∈ T for some
x ∈ S. Inductively, we let D0(T ) = T , Dα+1(T ) = D(Dα(T )), and Dα(T ) =
∩β<αD
β(T ) if α is a limit ordinal. The order of a well-founded tree T is the
smallest ordinal o(T ) such that Do(T )(T ) = ∅. If E is a Banach space and
1 ≤ K <∞, an ℓ1-K tree on E is a tree T on S(E) = {x ∈ E : ‖x‖ = 1} such
that ‖
∑n
i=1 aixi‖ ≥ K
−1
∑n
i=1 |ai| whenever (x1, . . . , xn) ∈ T and (ai) ⊆ R.
If E has a basis (ei), a block tree on E is a tree T on E so that every
(x1, . . . , xn) ∈ T is a finite block basis of (ei). An ℓ
1-K-block tree on E is
a block tree that is also an ℓ1-K tree. The index I(E,K) is defined to be
sup{o(T ) : T is an ℓ1-K tree on E}. If E has a basis (ei), the index Ib(E,K)
is defined similarly, with the supremum taken over all ℓ1-K block trees. The
Bourgain ℓ1-index of E is the ordinal I(E) = sup{I(E,K) : 1 ≤ K < ∞}.
The index Ib(E) is defined similarly. Bourgain proved that if E is a separable
Banach space not containing a copy of ℓ1, then I(E) < ω1 [4]. Judd and
Odell [8] showed that I(E) and Ib(E) are closely related for a Banach space
E with a basis. Precisely, if Ib(E) = ω
n for some n < ω, then I(E) = ωn or
ωn+1, while Ib(E) = I(E) if Ib(E) ≥ ω
ω. We refer the reader to [8] and [2]
for in depth discussions of these and related indices.
Our concern for the rest of the paper is the calculation of the index Ib(X),
where X is the mixed Tsirelson space T (F0, (θn,Fn)
∞
n=1). We begin with
an easy lower bound on Ib (X) .
Proposition 9. Ib (X) ≥ α0 · sup
n∈N
αωn .
Proof. For all m,n ∈ N, denote the family
m times︷ ︸︸ ︷
[Fn, . . . ,Fn,F0] by Bmn. Observe
that ι (Bmn) = α0 ·α
m
n for all m,n ∈ N by [9, Proposition 10]. For any (ak) ∈
c00, ‖
∑
akek‖ ≥ θ
m
n ‖
∑
akek‖Bmn . Thus Ib (X, θ
m
n ) ≥ ι (Bmn) = α0 · α
m
n for
all m,n ∈ N. Therefore,
Ib (X) ≥ sup
m,n∈N
α0 · α
m
n = α0 · sup
n∈N
αωn .
In the remainder of this section, we apply Proposition 3 to obtain an
upper bound on the ℓ1-index of X. For each n ∈ N, let
C (n) = {(0, n1, . . . , ns) : n1, . . . , ns, s ∈ N, n1 + n2 + · · ·+ ns ≤ n}
and
πn = sup {θn1 . . . θns : n1 + · · ·+ ns > n} .
Obviously C (n) is a finite set. Denote its cardinality by p (n) . It is clear
that lim
n→∞
πn = 0.
Lemma 10. Suppose that H is a regular family containing S0 and that ρ is
the norm on the space T (H, (θn,Fn)
∞
n=1) . For all x ∈ c00 and all n ∈ N, we
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have
ρ (x) ≤ πn ‖x‖ℓ1 + p (n) ‖x‖M[H] ,
where M = ∪(0,n1,...,ns)∈C(n) [Fn1 , . . . ,Fns ] .
Proof. There exists an (Fn)-admissible tree T such that
ρ (x) =
∑
E∈L
t (E) ||Ex||H ,
where L is the set of all leaves of T . Let L(n1,...,ns) be the set of all E ∈ L
such that h (E) = (0, n1, . . . , ns). Then
ρ (x) =

 ∑
(0,n1,...,ns)∈C(n)
+
∑
(0,n1,...,ns)/∈C(n)

 ∑
E∈L(n1,...,ns)
t (E) ‖Ex‖H .
If (0, n1, . . . , ns) ∈ C (n) , then L(n1,...,ns) is [Fn1 , . . . ,Fns ]-admissible and
thus M-admissible. Since t (E) ≤ 1 for all E,∑
E∈L(n1,...,ns)
t (E) ‖Ex‖H ≤
∑
E∈L(n1,...,ns)
‖Ex‖H ≤ ‖x‖M[H] .
Therefore, ∑
(0,n1,...,ns)∈C(n)
∑
E∈L(n1,...,ns)
t (E) ‖Ex‖H ≤ p (n) ‖x‖M[H] .
On the other hand, since t(E) = θn1 . . . θns ≤ πn if E /∈ L(n1,...,ns),∑
(0,n1,...,ns)/∈C(n)
∑
E∈L(n1,...,ns)
t (E) ‖Ex‖H
≤
∑
(0,n1,...,ns)/∈C(n)
∑
E∈L(n1,...,ns)
πn ‖Ex‖H ≤ πn ‖x‖ℓ1 .
Lemma 11. Let M be as defined in Lemma 10, then ι (M) ≤ αnn.
Proof. The lemma follows immediately from the fact that
ι (H [N ]) ≤ ι (N ) · ι (H)
if H and N are regular families of finite subsets of N (cf. [9, Proposition
10]).
Proposition 12. ([9, Proposition 12]) Let T be a well-founded block tree
on some basis (ei) . Define
H (T ) = {{max suppxi : i = 1, . . . , n} : (x1, x2, . . . , xn) ∈ T}
and
G (T ) = {G : G is a spreading of a subset of some F ∈ H(T )}.
If G(T ) is compact, then ι (G (T )) ≥ o (T ) .
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Given a countable ordinal η, define the order (or the logarithm) ℓ (η) of
the ordinal η to be γ1, where η = ω
γ1 · k1 + · · ·+ ω
γp · kp in Cantor normal
form. Clearly, ℓ (η1 · η2) = ℓ (η1) + ℓ (η2) . Therefore ℓ (η
n) = ℓ (η) · n and
ℓ (ηω) = ℓ (η) · ω. Obviously, if ℓ (η) = γ, then ωγ ≤ η < ωγ+1. Observe
that in the notation of Proposition 3, if we take ρ to be the norm on the
space T (F0 ∪ G, (θn,Fn)
∞
n=1) , then ‖·‖ ≤ ρ and ρ2 ≤ ρ. Thus inequality (2)
implies ∥∥∥∥∥
p∑
k=1
akxk
∥∥∥∥∥ ≤ (K + 2) ρ
(
p∑
k=1
akeik
)
+ 4ε
p∑
k=1
|ak| .
If (xk)
n
k=1 and (yk)
n
k=1 are sequences in possibly different normed spaces,
and 0 < K < ∞, we write (xk)
n
k=1
K
 (yk)
n
k=1 to mean K ‖
∑n
k=1 akxk‖ ≥
‖
∑n
k=1 akyk‖ for all (ak) ∈ c00.
Proposition 13. Suppose for all ε > 0, there exist a regular family Gε and
m0 ∈ N such that for all m ≥ m0, there exist n1, . . . , ns ∈ N satisfying
θm < εθn1 . . . θns and Fm ⊆ [Gε,Fn1 , . . . ,Fns ] . Then
Ib (X) ≤ sup
ε>0
sup
n∈N
[(α0 ∨ ι (Gε)) · α
ω
n ] .
Proof. Suppose otherwise. There exists H > 1 and an ℓ1-H-block tree T on
X such that
o (T ) > sup
ε>0
sup
n∈N
[(α0 ∨ ι (Gε)) · α
ω
n ] .
Pick ε0 <
1
8H . According to Proposition 3 and the remark above, there exists
a constant K such that∥∥∥∥∥
n∑
k=1
akxk
∥∥∥∥∥ ≤ Kρ
(
n∑
k=1
akeik
)
+ 4ε0
n∑
k=1
|ak|
for all (ak) ∈ c00, where ρ is the norm on T (F0 ∪ Gε0 , (θn,Fn)
∞
n=1) . Let
ℓ (αn) = γn for all n ∈ N and ℓ (α0 ∨ ι (Gε0)) = γ. Then
ℓ
(
(α0 ∨ ι (Gε0)) · sup
n∈N
αωn
)
= ℓ (α0 ∨ ι (Gε0)) + ℓ
(
sup
n∈N
αωn
)
≥ ℓ (α0 ∨ ι (Gε0)) + ℓ (α
ω
n) = γ + γn · ω
for all n ∈ N. Hence o (T ) > ωγ+γn·ω for all n ∈ N. Given F ∈ H (T ) ,
there exists (x1, x2, . . . , xn) ∈ T such that F = {max suppxi}
n
i=1. Since
(x1, x2, . . . , xn) ∈ T, (x1, x2, . . . , xn)
H
 ℓ1 (|F |)-basis. Thus
Kρ
(
n∑
k=1
akeik
)
+ 4ε0
n∑
k=1
|ak| ≥
1
H
n∑
k=1
|ak| .
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Hence
ρ
(
n∑
k=1
akeik
)
≥
1
2KH
n∑
k=1
|ak| .
Since it is clear that (ek)k∈G
1
 (ek)k∈F whenever G is a spreading of F , it
follows that
ρ
(∑
k∈G
akek
)
≥
1
2KH
∑
k∈G
|ak|(6)
for all G ∈ G (T ) . Assume that γn 6= 0 for some n. Choose m ∈ N such that
πm < 1/(4KH) and γm 6= 0. If G (T ) is compact, then ι (G (T )) > ω
γ+γm·ω
by Proposition 12. Since G (T ) is regular, the same holds for G (T ) ∩ [L]<∞
for any L ∈ [N] . Thus by [7, Corollary 1.2], there exists L ∈ [N] such
that Sγ+γm·ω ∩ [L]
<∞ ⊆ G (T ) . The same conclusion clearly holds if G(T )
is not compact. Hence inequality (6) holds for all (ak) ∈ c00 and all G ∈
Sγ+γm·ω ∩ [L]
<∞ . Now, defining M to be as in Lemma 10 corresponding to
m,
ι (M [F0 ∪ Gε0 ]) ≤ ι (F0 ∪ Gε0) · ι (M) = (α0 ∨ ι (Gε0)) · α
m
m < ω
γ+γm·m+1.
Using [7, Corollary 1.2] again, we obtain M ∈ [L] such that M [F0 ∪ Gε0 ] ∩
[M ]<∞ ⊆ Sγ+γm·m+1. It follows from [11, Proposition 3.6] that there are
F ∈ Sγ+γm·ω (M) and (aj)j∈F ⊆ R
+ such that
∑
j∈F aj = 1 and if G ⊆ F
with G ∈ Sγ+γm·m+1, then
∑
j∈G aj <
1
4p(m)KH . Note that F ∈ Sγ+γm·ω ∩
[M ]<∞ ⊆ G(T ). Consider x =
∑
j∈F ajej . By Lemma 10,
ρ (x) ≤ πm ‖x‖ℓ1 + p (m) ‖x‖M[F0∪Gε0 ]
≤ πm + p (m) ‖x‖Sγ+γm·m+1
<
1
4KH
+
1
4KH
=
1
2KH
,
contrary to (6). This proves the proposition in case γn 6= 0 for some n.
If γn = 0 for all n, then α
ω
n = ω for all n. (Recall that we assume αn > 1
for all n ∈ N.) Write α0∨ ι (Gε0) = ω
λ1 ·m1+ · · ·+ω
λk ·mk in Cantor normal
form. Then
ι (G (T )) ≥ o (T ) > [α0 ∨ ι (Gε0)] · ω = ω
λ1+1.
By [7, Corollary 1.2], there exists L ∈ [N] such that Sλ1+1 ∩ [L]
<∞ ⊆ G (T ) .
Hence, for all (ak) ∈ c00 and all G ∈ Sλ1+1 ∩ [L]
<∞ , inequality (6) holds.
Choose m ∈ N such that πm < 1/(4KH) and define M as in Lemma 10
corresponding to m. Then
ι (M [F0 ∪ Gε0 ]) = [α0 ∨ ι (Gε0)] · r < ω
λ1 · (m1 + 1) r
for some r ∈ N. Applying [7, Theorem 1.1], there exists M ∈ [L] such that
M [F0 ∪ Gε0 ] ∩ [M ]
<∞ ⊆ (Sλ1)
(m1+1)r . By [11, Proposition 3.6], there exist
F ∈ Sλ1+1 (M) ⊆ Sλ1+1 ∩ [M ]
<∞ ⊆ Sλ1+1 ∩ [L]
<∞ and (aj)j∈F ⊆ R
+
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such that
∑
j∈F aj = 1 and if G ⊆ F with G ∈ Sλ1 , then
∑
j∈G aj <
1
4p(m)KH(m1+1)r
. Consider x =
∑
j∈F ajej . By Lemma 10,
ρ (x) ≤ πm ‖x‖ℓ1 + p (m) ‖x‖M[F0∪Gε0 ]
≤ πm + p (m) ‖x‖(Sλ1)
(m1+1)r
≤ πm + p (m) (m1 + 1) r ‖x‖Sλ1
<
1
4KH
+
1
4KH
=
1
2KH
,
contradicting (6).
Theorem 14. 1. α0 · sup
n∈N
αωn ≤ Ib (X) ≤ (α0 ∨ α) · sup
n∈N
αωn .
2. If α0 ≥ α, then Ib (X) = α0 · sup
n∈N
αωn .
3. If α0 < α and α = αn for some n ∈ N, then Ib (X) = αω.
4. If αn < α for all n ∈ N∪{0} and α is not of the form α = ωω
ξ
, ξ < ω1,
then Ib (X) = α
ω.
Proof. 1. The first inequality follows from Proposition 9. Since S0 ⊆ Fn
for all n, Fm ⊆ F ⊆ [F ,Fn1 , . . . ,Fns ] for all m,n1, . . . , ns ∈ N. The second
inequality follows from Proposition 13 upon taking Gε = F .
2. and 3. are clear.
4. In this case, it is readily verified that α · sup
n∈N
αωn = sup
n∈N
αωn = α
ω. The
conclusion follows from 1.
The following corollary answers Question 1 in [8].
Corollary 15. If η is a countable ordinal not of the form ωξ for some limit
ordinal ξ < ω1, then there exists a Banach space Y such that I (Y ) = ω
η.
Proof. Write η = ωγ1 ·m1+ · · ·+ω
γk ·mk in Cantor normal form. If γk is 0 or
a successor ordinal, then the result follows immediately from [9, Corollary
14]. If γk is a limit ordinal, let (βn) be a sequence of ordinals increasing to
γk. Choose regular families (Fn)
∞
n=0 such that αn = ι (Fn) = ω
ωβn , n ∈ N,
and α0 = ι (F0) = ω
ωγ1 ·m1+···+ωγk ·(mk−1). Then α = sup
n∈N
αn = sup
n∈N
ωω
βn
=
ωω
γk ≤ α0 as k > 1 or mk > 1. Let Y = T (F0, (θn,Fn)
∞
n=1) . By 2. in
Theorem 14, Ib (Y ) = α0 · sup
n∈N
αωn = ω
ωγ1 ·m1+···+ωγk ·mk = ωη. Finally, since
Ib (Y ) ≥ ω
ω, I (Y ) = Ib (Y ) = ω
η by [8, Corollary 5.13].
4. Attaining the upper bound
Henceforth, we shall consider only the case where αn < α for all n ∈
N∪{0} and α is of the form ωω
ξ
. Under these conditions, Theorem 14 yields
the estimate
ωω
ξ
≤ Ib (X) ≤ ω
ωξ ·2.
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The next theorem gives a sufficient condition for the upper estimate to be
attained. Given m ∈ N and ε > 0, define
γ = γ (ε,m) = max{ℓ(α0 · αns . . . αn1) :
εθn1θn2 . . . θns > θm} (max ∅ = 0).
Theorem 16. Assume ξ 6= 0. If there exists ε > 0 such that for all β < ωξ,
there exists m ∈ N satisfying γ (ε,m) + 2+ β < ℓ (αm), then Ib (X) = ωω
ξ·2.
Before giving the proof of Theorem 16, let us observe an interesting corol-
lary.
Corollary 17. If ξ is a limit ordinal, then Ib (X) = ω
ωξ·2.
Proof. Since ξ is a limit ordinal, the sequence (ℓ (ℓ (αn))) converges to ξ.
Hence for all β < ξ, there exists m ∈ N such that ℓ (ℓ (αm)) > β ∨
ℓ (ℓ (αm−1)) ∨ ℓ (ℓ (α0)) . Suppose θn1 . . . θns > θm for some n1, . . . , ns ∈ N.
Then n1, . . . , ns < m. Now for all 1 ≤ i ≤ s, αni ≤ ω
ℓ(αni)+1. Thus
α0 · αns . . . αn1 ≤ ω
ℓ(α0)+1+ℓ(αns )+1+···+ℓ(αn1)+1.
Therefore
ℓ(α0 · αns . . . αn1) + 2 + ω
β
≤ ℓ(α0) + 1 + ℓ(αns) + 1 + · · ·+ ℓ(αn1) + 1 + 2 + ω
β
< ωℓ(ℓ(αm)) ≤ ℓ(αm).
Applying Theorem 16 with ε = 1 yields the required result.
Lemma 18. Let m ∈ N and ε > 0 be given. Then for all M ∈ [N] , there
exists x ∈ c00 satisfying ‖x‖ ≤ 1 +
1
ε , ‖x‖ℓ1 =
1
θm
, and supp x ∈ Sγ+2 ∩
[M ]<∞ , where γ = γ (ε,m) is as defined above.
Proof. Let N = {(n1, . . . , ns) : εθn1 . . . θns > θm} . Clearly N is a finite set.
Denote its cardinality by c. By assumption, there exists L ∈ [M ]<∞ such
that [Fn1 , . . . ,Fns ,F0] ∩ [L]
<∞ ⊆ Sγ+1 for all (n1, . . . , ns) ∈ N (cf. [7]). By
[11, Proposition 3.6], there exists y ∈ c00, ‖y‖ℓ1 = 1 such that supp y ∈
Sγ+2 ∩ [L]
<∞ and ||y||Sγ+1 ≤ θm/c. Let x = y/θm. Then ||x||ℓ1 =
1
θm
and supp x ∈ Sγ+2 ∩ [M ]
<∞ . Choose a complete (Fn)-admissible tree T
such that ||x|| = T x. Denote by L (T ) the set of all leaves of T . For
a fixed (n1, . . . , ns) ∈ N , the set {E ∈ L (T ) : h (E) = (0, n1, . . . , ns)} is
[Fn1 , . . . ,Fns ]-admissible. Since suppx ∈ [L]
<∞ , we conclude by the choice
of L that ∑
E∈L(T )
h(E)=(0,n1,...,ns)
||Ex||F0 ≤ ‖x‖[Fn1 ,...,Fns ,F0]
≤ ‖x‖Sγ+1 .
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Therefore
||x|| ≤
∑
E∈L(T )
εt(E)≤θm
t (E) ||Ex||F0 +
∑
E∈L(T )
εt(E)>θm
t (E) ||Ex||F0
≤
θm
ε
||x||ℓ1 +
∑
(n1,...,ns)∈N
θn1θn2 . . . θnj
∑
E∈L(T )
h(E)=(0,n1,...,ns)
||Ex||F0
≤
1
ε
+
∑
(n1,...,ns)∈N
||x||Sγ+1 ≤
1
ε
+
c
θm
||y||Sγ+1 ≤ 1 +
1
ε
.
Lemma 19. Under the assumptions of Theorem 16, there exists a strictly
increasing sequence (qk) ⊆ N such that for all F ∈ Sωξ , there are normalized
vectors (xk)k∈F with supp xk ⊆ [qk, qk+1) for all k ∈ F and∣∣∣∣∣
∣∣∣∣∣∑
k∈F
akxk
∣∣∣∣∣
∣∣∣∣∣ ≥ ε1 + ε ∑
k∈F
|ak|
for all (ak) ∈ c00.
Proof. Since ξ 6= 0, ωξ is a limit ordinal. Suppose that Sωξ is defined by
the sequence (βk) increasing to ω
ξ. For each k, choose mk ∈ N such that
γ (ε,mk)+2+βk < ℓ (αmk) . Write γk = γ (ε,mk) . Using Lemma 18, obtain
a strictly increasing sequence (qk)
∞
k=1 in N and
(
xik
)i
k=1
∞
i=1
⊆ c00 such that∥∥xik∥∥ℓ1 = 1θmk , ∥∥xik∥∥ ≤ 1 + 1ε , supp xik ⊆ [qi, qi+1), and supp xik ∈ Sγk+2 ∩
[Mi]
<∞, where Mi ∈ [N] is chosen so that Mi+1 ⊆Mi ∩ [qi+1,∞) and
i⋃
j=1
Sβj [Sγi+2] ∩ [Mi]
<∞ ⊆ Fmi .
Note that this choice is possible by [7] since
ι(∪ij=1Sβj [Sγi+2]) = ω
γi+2+βi < ωℓ(αmi ) ≤ αmi = ι (Fmi) .
If F = {i1, . . . , ir} ∈ Sωξ , i1 < · · · < ir, then F ∈ Sβk for some k ≤ i1.
Consider the block basic sequence (xi1i1 , x
i2
i1
, . . . , xiri1). By choice, supp x
ij
i1
∈
Sγi1+2 ∩ [Mij ]
<∞ and supp x
ij
i1
⊆ [qij , qij+1), 1 ≤ j ≤ r. Moreover, the set
{qi1 , . . . , qir} is a spreading of {i1, . . . , ir} = F and hence belongs to Sβk .
Thus
r⋃
j=1
suppx
ij
i1
∈ Sβk [Sγi1+2] ∩ [Mi1 ]
<∞ ⊆ Fmi1 .
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Therefore, given any (aj) ∈ c00,
‖
r∑
j=1
ajx
ij
i1
‖ ≥ θmi1‖
r∑
j=1
ajx
ij
i1
‖ℓ1
= θmi1
r∑
j=1
|aj|‖x
ij
i1
‖ℓ1
= θmi1
r∑
j=1
|aj|
1
θmi1
=
r∑
j=1
|aj | .
Normalizing the sequence (xi1i1 , x
i2
i1
, . . . , xiri1) yields the desired result.
Lemma 20. Suppose the assumptions of Theorem 16 hold. Then there ex-
ists (qk) ⊆ N such that whenever F ∈ Fαn [Sωξ ] for some n ∈ N, there are
normalized vectors (xk)k∈F , supp xk ⊆ [qk, qk+1), satisfying∣∣∣∣∣
∣∣∣∣∣∑
k∈F
akxk
∣∣∣∣∣
∣∣∣∣∣ ≥ εθn1 + ε ∑
k∈F
|ak|
for all (ak) ∈ c00.
Proof. Choose (qk) using Lemma 19. If F ∈ Fαn [Sωξ ] for some n ∈ N, write
F =
⋃s
j=1 Fj , with F1 < · · · < Fs, Fj ∈ Sωξ , 1 ≤ j ≤ s, and {minFj}
s
j=1 ∈
Fαn . For all 1 ≤ j ≤ s, there exist normalized vectors (xk)k∈Fj such that
supp xk ⊆ [qk, qk+1) for all k ∈ Fj and
∣∣∣∣∣∣∑k∈Fj akxk∣∣∣∣∣∣ ≥ ε1+ε∑k∈Fj |ak| for
any (ak) ∈ c00. Therefore,∥∥∥∥∥∑
k∈F
akxk
∥∥∥∥∥ =
∥∥∥∥∥∥
s∑
j=1

∑
k∈Fj
akxk


∥∥∥∥∥∥
≥ θn
s∑
j=1
∥∥∥∥∥∥Ej
s∑
j=1

∑
k∈Fj
akxk


∥∥∥∥∥∥ , where Ej =
⋃
k∈Fj
suppxk
= θn
s∑
j=1
∥∥∥∥∥∥
∑
k∈Fj
akxk
∥∥∥∥∥∥
≥
εθn
1 + ε
∑
k∈F
|ak|
for any (ak) ∈ c00.
To complete the proof of Theorem 16, we apply a compactness argument
to condense the block basic sequences obtained in Lemma 20 into a tree. Let
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Y be a set and let (An)
∞
n=1 be a sequence of pairwise disjoint finite subsets
of Y. Suppose that a given set
X ⊆
⋃
∅6=F∈[N]<∞
(∏
n∈F
An
)
is hereditary in the sense that (xn)n∈G ∈ X whenever (xn)n∈F ∈ X and
∅ 6= G ⊆ F.
Proposition 21. Let H ⊆ [N]<∞ be a regular family with ω1 > ι (H) ≥
α ≥ 1. Suppose for all nonempty F ∈ H, there exists (xn)n∈F ∈ X . Then
there exists a tree T on Y such that T ⊆ X and o (T ) ≥ α.
Proof. Assume that H is regular and nonempty. There exists n0 ∈ N such
that {n} ∈ H for all n ≥ n0. By hypothesis, there exists (xn) ∈ X for all
n ≥ n0. Let T = {(xn) : n ≥ n0} . Then T ⊆ X and o (T ) ≥ 1.
Suppose the proposition is true for some α ≥ 1. Let H ⊆ [N]<∞ be a
regular family satisfying the hypothesis such that ω1 > ι (H) ≥ α+ 1. Pick
a singleton set {n0} ∈ H
(α) and let
G =
{
G ∈ [N]<∞ : n0 < G, {n0} ∪G ∈ H
}
.
Then G is regular and ι (G) ≥ α ≥ 1. Correspondingly, let
Y = {(xn)n∈G : ∅ 6= G ∈ G, there exists (xn0)
such that (xn)n∈{n0}∪G ∈ X}.
Since X is hereditary, so is Y. Let a nonempty set G ∈ G be given. Then
there exists (xn)n∈{n0}∪G ∈ X such that (xn)n∈G ∈ Y. By the inductive
hypothesis, there exists a tree T0 on Y such that T0 ⊆ Y and o (T0) ≥
α. List the elements in An0 as (z
1
n0), . . . , (z
p
n0). Let M be the collection of
maximal nodes of T0. If (xn)n∈G ∈ M, there exists i, 1 ≤ i ≤ p, such that
(zin0)∪(xn)n∈G ∈ X . PartitionM into
⋃p
i=1Mi so that (xn)n∈G ∈Mi implies
(zin0)∪ (xn)n∈G ∈ X . Now let Ti be the subtree of T0 consisting of all nodes
in Mi and their ancestors. By [8, Lemma 5.10], there exists i such that
o (Ti) ≥ α. Define
T =
{
(zin0) ∪ (xn)n∈H : (xn)n∈H ∈ Ti
}
.
Then T is a tree on Y such that T ⊆ X and o (T ) ≥ α+ 1.
Suppose α is a countable limit ordinal and the result holds for all 1 ≤
β < α. Let H ⊆ [N]<∞ be a regular family of finite subsets of N satisfying
the hypothesis such that ι (H) ≥ α. If 1 ≤ β < α, then ι (H) ≥ β ≥ 1. Hence
there exists a tree Tβ on Y such that Tβ ⊆ X and o (Tβ) ≥ β. Clearly the
tree T =
⋃
β<α Tβ satisfies the requirements of the proposition.
Proof of Theorem 16. In view of 1. in Theorem 14, it suffices to show that
Ib (X) ≥ ω
ωξ · αn for all n ∈ N. In order to set up to apply Proposition 21,
let Y = X. Choose a sequence (qk) as in Lemma 20 and fix n ∈ N. Let Ak
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be a finite εθn2(1+ε) -net of the unit sphere of [ej]
qk+1−1
j=qk
for each k ∈ N. Define
cn =
εθn
2(1+ε) and set
X = {(yk)F : ∅ 6= F ∈ Fαn [Sωξ ] , yk ∈ Ak, (yk)
cn
 ℓ1 (|F |)-basis}.
Clearly X is hereditary. According to Lemma 20, whenever F ∈ Fαn [Sωξ ] ,
there exist normalized vectors (xk)k∈F , supp xk ⊆ [qk, qk+1), such that∣∣∣∣∣
∣∣∣∣∣∑
k∈F
akxk
∣∣∣∣∣
∣∣∣∣∣ ≥ εθn1 + ε ∑
k∈F
|ak|
for all (ak) ∈ c00. Choose (yk)k∈F such that yk ∈ Ak and ||xk − yk|| ≤
εθn
2(1+ε)
for all k ∈ F. For all (ak) ∈ c00,∣∣∣∣∣
∣∣∣∣∣∑
k∈F
akyk
∣∣∣∣∣
∣∣∣∣∣ ≥
∣∣∣∣∣
∣∣∣∣∣∑
k∈F
akxk
∣∣∣∣∣
∣∣∣∣∣−
∣∣∣∣∣
∣∣∣∣∣∑
k∈F
ak (xk − yk)
∣∣∣∣∣
∣∣∣∣∣
≥
εθn
1 + ε
∑
k∈F
|ak| −
∑
k∈F
|ak| ||xk − yk||
≥
εθn
1 + ε
∑
k∈F
|ak| −
εθn
2 (1 + ε)
∑
k∈F
|ak|
=
εθn
2 (1 + ε)
∑
k∈F
|ak| .
Thus (yk)k∈F ∈ X . By Proposition 21, there exists a tree T on X such that
T ⊆ X and o (T ) ≥ ι (Fαn [Sωξ ]) = ω
ωξ ·αn. Since T ⊆ X , it is an ℓ
1-cn-block
tree. Thus Ib (X) ≥ ω
ωξ · αn.
In general, the converse of Theorem 16 is far from true, as the following
theorem shows.
Theorem 22. Suppose that 0 < ξ < ω1, (αn)
∞
n=0 is a sequence of ordi-
nals such that sup
n∈N∪{0}
αn = ω
ωξ nontrivially (i.e., αn < ω
ωξ for all n) and
(θn)
∞
n=1 is a nonincreasing null sequence in (0, 1). Then there exists a se-
quence (Fn)
∞
n=0 of regular families of finite subsets of N such that ι (Fn) = αn
for all n ∈ N ∪ {0} and Ib (T (F0, (θn,Fn)
∞
n=1)) = ω
ωξ·2.
Proof. The proof is similar to that of Theorem 16 once we have obtained
Proposition 24 below.
Lemma 23. Suppose that ω ≤ β < ω1, where β = ω
β1 ·k1+ · · ·+ω
βm ·km in
Cantor normal form, and g : N → N is a function increasing to ∞. There
exist regular families G and H such that ω · ι (G) = ωβ1 · k1, S0 ⊆ G and
ι (H) = ωβ2 ·k2+ · · ·+ω
βm ·km. In particular, ι ((H,G [S
g
1 ])) = β. (If m = 1,
take H = ∅.)
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Proof. Note that β1 > 0 since β ≥ ω. Define
G =
{
(Sβ1−1)
k1 if 0 < β1 < ω
(Sβ1)
k1 if ω ≤ β1 < ω1
and H =((Sβm)
km, . . . , (Sβ2)
k2). Clearly ι(H) = ωβ2 · k2+ · · ·+ω
βm · km and
ω · ι (G) =
{
ω · ωβ1−1 · k1 if 0 < β1 < ω
ω · ωβ1 · k1 if ω ≤ β1 < ω1
= ωβ1 · k1.
If β is a nonzero countable ordinal whose Cantor normal form is ωβ1 ·k1+
· · ·+ ωβm · km, write Rβ for the family ((Sβm)
km , . . . , (Sβ1)
k1).
Proposition 24. Under the hypotheses of Theorem 22, there exist regu-
lar families (Fn)
∞
n=0 and G with ι (Fn) = αn, ι (G) = ω
ωξ , and (qm) ⊆ N
such that for all n ∈ N and all F ∈ Fn [G] , there is a normalized sequence
(xm)m∈F such that supp xm ⊆ [qm, qm+1) and∥∥∥∥∥∑
m∈F
amxm
∥∥∥∥∥ ≥ θn2 ∑
m∈F
|am|
for all (am) ∈ c00. Here the norm ‖·‖ is taken in the space T (F0, (θn,Fn)
∞
n=1) .
Proof. Let F0 = Rα0 , F1 = Rα1 and g1 (k) = k for all k ∈ N. Suppose that
gn and Fn have been defined. If αn+1 < ω, let Fn+1 = Rαn+1 and gn+1 = gn.
If αn+1 ≥ ω, pick x (k, n) ∈ c00 for each k ∈ N such that
1. min supp x (k, n) ≥ k,
2. ||x (k, n)||ℓ1 = 1/θn+1, and
3. ||x (k, n)||[Fn1 ,...,Fns ,F0]
≤ 1|A| whenever n1, . . . , ns ≤ n,
where A = {(n1, . . . , ns) : θn1 . . . θns > θn+1} . Choose a nondecreasing func-
tion gn+1 : N → N such that gn+1 ≥ gn and supp x (k, p) ⊆ [k, gn+1 (k))
for all 1 ≤ p ≤ n, k ∈ N. Then choose families Gn+1 and Hn+1 cor-
responding to αn+1 and gn+1 using Lemma 23. Finally, define Fn+1 =(
Hn+1,Gn+1
[
S
gn+1
1
])
. Note that ι (Fn) = αn for all n. This completes the
inductive definition of the families (Fn)
∞
n=0 .
Claim. If αn+1 ≥ ω, then ‖x (k, n)‖ ≤ 2 for all k ∈ N.
Let x = x (k, n) and suppose ‖x‖ =
∑
E∈E t (E) ‖Ex‖F0 , where E is the set
of all leaves of an (Fn)-admissible tree. Take
E ′ = {E ∈ E : h (E) = (0, n1, . . . , ns) , (n1, . . . , ns) ∈ A}
and E ′′ = E \ E ′. Now E ∈ E ′′ only if t (E) ≤ θn+1. Therefore∑
E∈E ′′
t (E) ||Ex||F0 ≤ θn+1
∑
E∈E ′′
||Ex||F0 ≤ θn+1 ‖x‖ℓ1 = 1.
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If (n1, . . . , ns) ∈ A, let L(n1,...,ns) = {E ∈ E
′ : h (E) = (0, n1, . . . , ns)} . Now
∑
E∈L(n1,...,ns)
t (E) ||Ex||F0 ≤
∑
E∈L(n1,...,ns)
||Ex||F0 ≤ ‖x‖[Fn1 ,...,Fns ,F0]
≤
1
|A|
by condition 3. Hence
∑
E∈E ′
t (E) ||Ex||F0 ≤
∑
(n1,...,ns)∈A
1
|A|
= 1.
Thus
‖x‖ =
∑
E∈E
t (E) ‖Ex‖ =
∑
E∈E ′
t (E) ‖Ex‖+
∑
E∈E ′′
t (E) ‖Ex‖ ≤ 2.
This proves the claim.
Since αn < supm αm = ω
ωξ for all n ∈ N, there exist n1 < n2 < n3 < . . .
such that sups αns+1 = ω
ωξ and αns+1 ≥ ω for all s ∈ N. Note that this
implies by choice that sups ι (Gns+1) = ω
ωξ . Now choose q1 < q2 < q3 < . . .
such that qs+1 > max supp x (qs, nr) , 1 ≤ r ≤ s. Let L = {q1, q2, q3, . . . } ∈
[N] and q (F ) = {qm : m ∈ F} for all F ∈ [N]
<∞ . Define
G = {F : s ≤ F and q (F ) ∈ Gns+1 for some s ∈ N} .
Then ι (G) = ωω
ξ
. For s ≤ m, supp x (qm, ns) ⊆ [qm, gns+1 (qm)) ∈ S
gns+1
1 .
Hence if s ≤ F , q (F ) ∈ Gns+1 for some s ∈ N, and xm =
x(qm,ns)
‖x(qm,ns)‖
for all
m ∈ F, then ⋃
m∈F
suppxm ∈ Gns+1
[
S
gns+1
1
]
⊆ Fns+1.
Thus, for all (am) ∈ c00,∥∥∑
m∈F
amxm
∥∥ ≥ θns+1∥∥∑
m∈F
amxm
∥∥
Fns+1
= θns+1
∥∥∑
m∈F
amxm
∥∥
ℓ1
≥
θns+1
2
∑
m∈F
|am| ‖x (qm, ns)‖ℓ1 by the claim,
=
1
2
∑
m∈F
|am| by condition 2.
Finally, if F ∈ Fn [G] for some n ∈ N, write F =
⋃k
s=1 Fs where F1 < · · · <
Fk, Fs ∈ G, 1 ≤ s ≤ k, and {minF1, . . . ,minFk} ∈ Fn. For 1 ≤ s ≤ k,
22 DENNY H. LEUNG AND WEE-KEE TANG
choose a normalized sequence (xm)m∈Fs as above. Now for all (am) ∈ c00,∥∥∥∥∥∑
m∈F
amxm
∥∥∥∥∥ =
∥∥∥∥∥∥
k∑
j=1
(∑
m∈Fs
amxm
)∥∥∥∥∥∥
≥ θn
k∑
j=1
∥∥∥∥∥ ∑
m∈Fs
amxm
∥∥∥∥∥
≥
θn
2
∑
m∈F
|am| .
5. Standard Schreier families
For all limit ordinals α < ω1, fix a sequence of ordinals strictly increasing
to α. If β = ωβ1 ·m1 + · · ·+ ω
βk ·mk is a limit ordinal, determine Sβ using
the sequence
βˆn =
{
ωβ1 ·m1 + · · ·+ ω
βk · (mk − 1) + ω
βk−1 · n if βk is a successor,
ωβ1 ·m1 + · · ·+ ω
βk · (mk − 1) + ω
ζn if βk is a limit,
where (ζn) is the chosen sequence of ordinals increasing to βk. It is clear
that if α is a countable limit ordinal such that ℓ (α) ≤ η for some η < ω1,
then ̂(ωη ·m+ α)n = ω
η ·m+ αˆn for all m,n ∈ N. Throughout this section,
we assume that the Schreier families Sα are defined using these choices. For
such “standard” Schreier families, the converse of Theorem 16 holds. We
begin by establishing some lemmas.
Lemma 25. If α and η are countable ordinals such that ℓ (α) ≤ η and
m ∈ N, then Sα [Sωη ·m] = Sωη ·m+α.
Proof. The proof is by induction on α. The case α = 0 is clear. The result
holds for α = 1 by definition of Sωη ·m+1. Suppose the lemma is true for some
α. Then
Sα+1 [Sωη ·m] = (S1 [Sα]) [Sωη ·m] = S1 [Sα [Sωη ·m]]
= S1 [Sωη ·m+α] = Sωη ·m+α+1.
Suppose α is a limit ordinal and the lemma holds for all γ < α. By the
remark above, ωη ·m+ αˆn = ̂(ωη ·m+ α)n for all m,n ∈ N. Now
F ∈ Sα [Sωη ·m]
⇔ F ∈ Sαˆn [Sωη ·m] for some n ≤ minF,
⇔ F ∈ Sωη ·m+αˆn for some n ≤ minF by induction,
⇔ F ∈ Sωη ·m+α.
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For the next theorem, fix a countable successor ordinal ξ and a nonde-
creasing sequence of ordinals (βn)
∞
n=1 such that sup
n∈N
βn = ω
ξ nontrivially.
Also let F0 be a regular family containing S0 such that ι (F0) = α0 < ω
ωξ ,
and let (θn)
∞
n=1 be a nonincreasing null sequence in (0, 1) . In the present
context, the ordinal γ (ε,m) defined at the beginning of §4 becomes
γ = γ(ε,m) = max{ℓ(α0) + βns + · · · + βn1 : εθn1θn2 . . . θns > θm}
for all m ∈ N and ε > 0 (max ∅ = 0). Denote the immediate predecessor of
ξ by ξ − 1.
Theorem 26. Follow the notation above and apply the standard choices to
define Schreier families. If there exists ε > 0 such that for all β < ωξ, there
existsm ∈ N satisfying γ (ε,m)+2+β < βm, then Ib
(
T
(
F0, (θn,Sβn)
∞
n=1
))
=
ωω
ξ·2. Otherwise, Ib
(
T
(
F0, (θn,Sβn)
∞
n=1
))
= ωω
ξ
.
Proof. If there exists ε > 0 with the above properties, then Theorem 16
yields that Ib
(
T
(
F0, (θn,Sβn)
∞
n=1
))
= ωω
ξ·2. Now assume that such ε does
not exist. Given ε > 0, there exists r = r (ε) ∈ N such that for all m ∈ N,
γ (ε,m)+2+ωξ−1 ·r ≥ βm. Letm0 ∈ N be such that βm0 > ℓ(α0)+2+ω
ξ−1 ·r.
Fix m ≥ m0. In particular, γ (ε,m) 6= 0. Hence there exist n1, . . . , ns ∈ N
such that εθn1 . . . θns > θm and ℓ(α0) + βns + · · ·+ βn1 + 2+ ω
ξ−1 · r ≥ βm.
Choose r0 ∈ N such that ℓ(α0)+2 ≤ ωξ−1 ·r0 and write βn = ωξ−1 ·rn+γn for
all n ∈ N, where rn ∈ N∪{0} and γn < ωξ−1. Then r0+rn1+· · ·+rns+r ≥ rm.
If rn > 0,
Sβn = Sωξ−1·rn+γn = Sγn
[
Sωξ−1·rn
]
by Lemma 25
⊇ Sωξ−1·rn .
The inclusion is obvious if rn = 0. Therefore, using Lemma 25 again,[
Sωξ−1·(r0+r+1),Sβn1 , . . . ,Sβns
]
⊇
[
Sωξ−1·(r0+r+1),Sωξ−1·rn1 , . . . ,Sωξ−1·rns
]
= Sωξ−1·(rns+···+rn1+r0+r+1).
Since βm ≤ ω
ξ−1 · (r0 + rn1 + · · ·+ rns + r + 1) , it follows from [11, Propo-
sition 3.2(a)] that there exists jm ∈ N, such that
Sβm ∩ [Njm ]
<∞ ⊆ Sωξ−1·(rns+···+rn1+r0+r+1)
⊆ [Sωξ−1·(r0+r+1),Sβn1 , . . . ,Sβns ],
where Nj is the integer interval [j,∞) for all j ∈ N. By Proposition 1,
there exists a sequence (ℓm) ⊆ N converging to ∞ such that, defining Fn
to be (Sβn ∩ [Nℓn ]
<∞)∪ S0 for all n ∈, T
(
F0, (θn,Sβn)
∞
n=1
)
is isomorphic to
T (F0, (θn,Fn)
∞
n=1). Let km = max{jm, ℓn1 , . . . , ℓns},
Bm =
{
B ∈ [N]<∞ : ℓm ≤ B and |B| ≤ km
}
,
and define H = (∪∞m=m0Bm) ∪ Sωξ−1·(r0+r+1). If m ≥ m0, then Fm ⊆
[(H)2,Fn1 , . . . ,Fns ]. Indeed, if F ∈ Fm, then F ∈ S0 or F ∈ Sβm ∩ [Nℓm ]
<∞.
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In the former case it is clear that F ∈ [(H)2,Fn1 , . . . ,Fns ]. Suppose F ∈
Sβm∩ [Nℓm]
<∞. Then F = F1∪F2, where F1 = F ∩ [ℓm, km) and F2 = F \F1.
Clearly F1 ∈ Bm ⊆ [H,Fn1 , . . . ,Fns ] and
F2 ∈ Sβm ∩ [Nkm ]
<∞
⊆ [Sωξ−1·(r0+r+1),Sβn1 ∩ [Nkm ]
<∞, . . . ,Sβns ∩ [Nkm]
<∞]
⊆ [H,Fn1 , . . . ,Fns ].
Hence Fm ⊆ [(H)
2,Fn1 , . . . ,Fns ]. This proves that the family Gǫ = (H)
2
satisfies the hypothesis of Proposition 13. Note that ι((H)2) = ι(H) · 2 =
ωω
ξ−1·(r0+r+1) · 2. Applying Proposition 13, we obtain
Ib (T (F0, (θn,Fn)
∞
n=1)) ≤ sup
ε>0
sup
n∈N
[ωω
ξ−1·(r0+r(ε)+1) · 2 · ωβn·ω] = ωω
ξ
.
Since the reverse inequality holds by Theorem 14, the proof is complete.
It is worthwhile to record the statement of Theorem 26 for finite βn’s.
Corollary 27. Suppose that F0 is a regular family containing S0 such that
ι(F) < ωω, and that (θn) is a nonincreasing null sequence in (0, 1) such that
θn+m ≥ θnθm for all n,m ∈. Let X = T (F0, (θn,Sn)
∞
n=1). If limm lim supn θm+n/θn >
0, then I(X) = ωω·2. Otherwise, I(X) = ωω.
We conclude by stating without proof a special case of the result when
ξ = 0. For any n ∈ N, define An to be the family of all subsets of N of
cardinality ≤ n.
Proposition 28. Suppose that F0 is a regular family containing S0 and
ι(F0) < ω. Let (kn) be a sequence in N such that lim kn =∞ and (θn)∞n=1 be
a nonincreasing null sequence in (0, 1). Denote the space T (F0, (θn,Akn)
∞
n=1)
by Y . Assume that every term (θn,Akn) is essential in the sense that
there exists a nonzero x ∈ Y such that ‖x‖ = θn
∑kn
j=1 ‖Ejx‖ for some
E1 < · · · < Ekn. Then Ib(Y ) = ω if
inf
r∈N
sup
{θm
θn
: km ≥ rkn
}
> 0.
Otherwise, Ib(Y ) = ω
2.
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